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Optimal Transport

Monge Kantorovich Villani
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Monge Problem

• Given marginals µ, ν ∈ P(Rd) & cost function c : Rd × Rd → R+

Monge Problem (1781)
Find a transport map T : Rd → Rd that solves

inf
T :µ◦T−1=ν

EX∼µ[c(X, T (X))]

{T : µ ◦ T−1 = ν} may be empty...
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Monge & Kantorovich Problems

Monge Problem (1781)
Find a transport map T : Rd → Rd that
solves

inf
T :µ◦T−1=ν

EX∼µ[c(X, T (X))]

{T : µ ◦ T−1 = ν} may be empty...

Kantorovich Problem (1930)
Find a coupling π ∈ P(R2d) that solves

inf
π∈Π(µ,ν)

E(X,Y )∼π[c(X,Y )]

OT cost

Well-posed for lsc cost
✓ Π(µ, ν) 6= ∅

✓ inf = min
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Wasserstein Distances

• OT cost induces a metric on the space of probability measures

Wasserstein Distance

Wp(µ, ν) = inf
π∈Π(µ,ν)

(
E(X,Y )∼π[‖X − Y ‖p]

)1/p
, p ∈ [1,∞)

• Applications: parametric estimation (W-GAN) and testing problems
Panaretos-Zemel ’21; Chewi et al. ’24
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Beyond OT

• Various applications require matching heterogeneous & structured datasets

Solomon-Peyré-Kim-Sra ’16 Alvarez-Melis-Jaakkola ’18

• Goals:
1 Compare similarity btw two data sets;
2 Obtain matching or alignment
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Gromov-Wasserstein Distance

arXiv:2410.18006 arXiv:2508.03985
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Gromov-Wasserstein Distance
• Given metric measure spaces (X , dX , µ) & (Y , dY , ν)

Gromov-Wasserstein Distance (Memoli ‘11; Sturm ‘12)

For p, q ∈ [1,∞),

GWp,q(µ, ν) = inf
π∈Π(µ,ν)

(
E (X,Y )∼π

(X′,Y ′)∼π

[∣∣dqX (X,X ′)− dqY(Y, Y
′)
∣∣p])1/p

• GWp,q defines a metric on the space of all Polish metric measure spaces modulo
measure-preserving isometries:

GWp,q(µ, ν) = 0 ⇔ ∃T : spt(µ) → spt(ν) isometry s.t. ν = T#µ
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Discrete Marginals
• Suppose µ =

∑N1
i=1 µiδxi and ν =

∑N2
j=1 νjδyj

• GW objective: ∑i,k∈[N1]
∑

j,l∈[N2] Cijklπikπjl with Cijkl = |dqX (xi, xj)− dqY(yi, yj)|p

• Cost tensor Cijkl relies on relational rather than positional similarities

Alvarez-Melis-Jaakkola ’18
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Graph Isomorphism
• Consider a random weighted graph with N vertices with no self-loop
• Edges {i, j} have independent weights ∼ ρij ∈ P([0,∞)) (zero-weight ⇔ no edge)
• Identify a graph distribution ν with (ρij)1≤i<j≤N
• Call two graph distributions ν0 ↔ (ρ0,ij)i<j and ν1 ↔ (ρ1,ij)i<j isomorphic iff

∃σ : [N ] → [N ] permutation s.t. ρ1,ij = ρ0,σ(i)σ(j), ∀i < j.
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• Identify a graph distribution ν with (ρij)1≤i<j≤N
• Call two graph distributions ν0 ↔ (ρ0,ij)i<j and ν1 ↔ (ρ1,ij)i<j isomorphic iff

∃σ : [N ] → [N ] permutation s.t. ρ1,ij = ρ0,σ(i)σ(j), ∀i < j.

Theorem (Rioux-Goldfeld-K ’24)
There is a known embedding ι : P([0,∞))N(N−1)/2 → P(RN) such that ν0 and ν1 are
isomorphic iff GW2,2(ι(ν0), ι(ν1)) = 0
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Challenges

• GW objective

π 7→
∫∫

X×Y

∫∫
X×Y

|dqX (x, x
′)− dqY(y, y

′)|p dπ(x, y)dπ(x′, y′)

=:F (π)

is bilinear and nonconvex
• Lack of a comprehensive duality theory for general GW

• One exception to the latter: GW2,2 with Euclidean metric measures spaces:

(X , dX ) = (Rdx , ‖ · ‖) (Y , dY) = (Rdy , ‖ · ‖)
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GW2,2 case
• Assume w.l.o.g. µ, ν have mean zero
• GW2,2 objective can be decomposed as

F (π) =
(
something independent of π

)
−
{
4
∫

‖x‖2‖y‖2 dπ(x, y) + 8
∥∥∥∥∫ xyT dπ(x, y)

∥∥∥∥2
F

}
=:G(π)

Variational Representation (Zhang et al. ’24)

For cA(x, y) = −4‖x‖2‖y‖2 − 32xTAy,

inf
π∈Π(µ,ν)

−G(π) = inf
A∈Rdx×dy

{
32‖A‖2F + OTcA(µ, ν)

}
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Proof I
inf

π∈Π(µ,ν)
−G(π) = inf

A∈Rdx×dy

{
32‖A‖2F + OTcA(µ, ν)

}
Recall:

G(π) = 4
∫

‖x‖2‖y‖2 dπ(x, y)

linear in π

+8
∥∥∥∥∫ xyT dπ(x, y)

∥∥∥∥2
F

Proof (one line):
−b2 ≤ 4a2 − 4ab equality holds iff a = 1

2b

=⇒ −8
∥∥∥∥∫ xyT dπ(x, y)

∥∥∥∥2
F

= inf
A

{
32‖A‖2F − 32

〈
A,

∫
xyT dπ(x, y)

〉
F

linear in π

}
and inf

π
inf
A

(
· · ·
)
= inf

A
inf
π

(
· · ·
)
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Proof II

inf
π∈Π(µ,ν)

−G(π) = inf
A∈Rdx×dy

{
32‖A‖2F + OTcA(µ, ν)

}
Recall:

G(π) = 4
∫

‖x‖2‖y‖2 dπ(x, y)

linear in π

+8
∥∥∥∥∫ xyT dπ(x, y)

∥∥∥∥2
F

Observation (assume µ, ν are compactly supported):

G(π) is convex and lsc wrt weak topology

=⇒ Bipolar theorem :
G(π) = sup

h

{ ∫
h dπ

linear in π

−G∗(h)
}
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Estimation of GW Cost
• Variational representation paves a way for establishing formal guarantees for
computation and estimation of GW cost

• Empirical distributions based on i.i.d. data:

µ̂n = 1
n

n∑
i=1

δXi and ν̂m = 1
m

m∑
j=1

δYj

Sample complexity (Zhang et al. ’24; K-Wang ’25)
For dx ∧ dy ≥ 4,

E
[∣∣GW2

2,2(µ̂n, ν̂m)− GW2
2,2(µ, ν)

∣∣] ≲ (n ∧m)−
2

dx∧dy (log(n ∧m))1(dx∧dy=4)

provided that µ, ν have finite (4q)-th moments with

q >
dx ∧ dy + 2dxdy

dx ∧ dy − 2
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Minimax lower bounds
Set D = GW2

2,2

Minimax lower bounds (K-Wang ’25)
For dx ∧ dy ≥ 4,

inf
D̂n,m

sup
(µ,ν)∈P(B(0,1))×P(B(0,1))

E
[∣∣D̂n,m −D(µ, ν)

∣∣]
≳ (n ∧m)−

2
dx∧dy (log(n ∧m))−

2
dx∧dy

1{dx∧dy>4}

where the infimum is taken over all estimators of D(µ, ν) constructed from i.i.d.
samples from µ and ν of sizes n and m, respectively

=⇒ (n ∧m)−
2

dx∧dy is sharp (up to a log factor)
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Semidiscrete case
Consider when µ is general but ν is finitely discrete:

ν =
J∑
j=1

νjδyj

Semidsicrete case (K-Wang ’25)

If µ has a finite (2q)-moment with q ∈ (2,∞),

E
[∣∣GW2

2,2(µ̂n, ν̂m)− GW2
2,2(µ, ν)

∣∣] ≲ (n ∧m)−1/2 + n
2−q
q

• Parametric rate if µ has a finite 8-th moment
• n

2−q
q is dominant if µ is heavy tailed
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Limiting Law for Discrete GW

Statistical inference for GW?

Limiting law (Rioux-Goldfeld-K ’24)
For finitely discrete µ and ν, there exist Gaussian processes Gµ and Gν such that

√
n
(
GW2

2,2(µ̂n, ν̂n)− GW2
2,2(µ, ν)

)
d→ inf

A∈A
inf
π∈ΠA

sup
(φ,ψ)∈D̄A

Gµ(f + gπ + φ̄) +Gν(f ′ + g′π + ψ̄)

Furthermore, when GW2,2(µ, ν) = 0,
√
nGW2

2,2(µ̂n, ν̂n)
d→
√
2‖Gµ‖∞,H̄
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Proof Idea

• Identify µ & ν with finite dimensional vectors and establish the derivative of
(µ, ν) 7→ GW2

2,2(µ, ν) using the variational representation:

GW2
2,2(µ, ν) = S1(µ, ν)︸ ︷︷ ︸

depends only on
moments of marginals

+ inf
A∈Rdx×dy

{
32‖A‖2F + OTcA(µ, ν)

}
,

where cA(x, y) = −4‖x‖2‖y‖2 − 32xTAy

• By duality,
OTcA(µ, ν) = sup

φi+ψj≤cA(xi,yj)
φTµ+ ψTν
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• One needs to find the derivative of the map

(µ, ν) 7→ inf
A∈Rdx×dy

sup
φi+ψj≤cA(xi,yj)

32‖A‖2F + φTµ+ ψTν

• The constraint set for the inner maximization depends on A!

• It turns out that the said map is not (Frechét) differentiable but directionally
Hadamard differentiable with nonlinear derivative, which is enough to invoke the
extended Delta method

• Used several techniques from optimization
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Estimating Weak Limits

• Naive bootstrap is inconsistent
Dümbgen ’91; Fang-Santos ’19

• Subsampling (m-out-of-n bootstrap with m� n) can be adapted to estimate the
weak limit, but it is computationally intensive

• When GW2,2(µ, ν) = 0, the weak limit simplifies, and one can directly estimate it:

• This method is consistent for estimating the null weak limit
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Simulation Results
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Summary

Gromov-Wasserstein Distance:
• Sample complexity upper bounds and minimax lower bounds for GW

• Limiting distributions for empirical GW

• Develop a method to estimate the null weak limit

• Other results:
• Concentration inequalities
• Weak limits for semidiscrete GW and entropic GW
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Thank You!
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