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Diffusion Models

DALL-E 3 Stable Diffusion 3 AlphaFold 3
(Betker et al.) (Esser et al.) (Abramson et al.)



Basics of Diffusion Models

(Ho et al.; Song et al.)

Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(¢t)dw

Forward Process:

score function

Backward Process: dx = [f(x,t) — ¢* (t)&x log py (x)]] dt + g(t)dw

Reverse SDE (noise — data)

> In this talk, the drift f = 0 and diffusion coefficient g(z) = 1.

> The backward process can be replaced by Probability Flow ODE:
dx = (f(z,t) — %g2(t)vw log pi(x) | dt.

with the same marginal distributions at all time steps as reverse SDE.



Score Function

Given y;, p, -+, u,~f on[-1,1], how to estimate the score s(x,t)on
of distribution at time t? What is the minimax statistical error rate?

9,

s(x,t) := . logp(z, 1)

p(z,t) = (pr x f)(x)

2

where ¢;(z) = 2=~ is the density of Gaussian distribution ./4/(0,?).




Algorithm: Backward SDE with Estimated Score

Algorithm 1 Diffusion Estimation Algorithm

1: Input: Data {y;}"_; drawn i.i.d. from f.
2: Calculate s(-, t) for all t € [0, T] with T := n.
3: Solve the SDE:
dY, = §(Y,, T — t)dt + dW,

with initialization Yo ~ A(0, T).
4: Qutput: Xp = YT]l{|\7T|S1}'

> Note that dgt, (p(-,T)|IN(0,T)) < %



Statistical Understanding for Diffusion Models

> @Girsanov Formula: For the score-based diffusion model with f(x,,7) = 0 and g(#) = 1. Denote

N\
Xy, Xo to be the true distribution and generated distribution. We have:

drv(Xo, X0)? < drv (p(+, T), m0)° // 13(z, t) — s(z, t)|? p(z, t) dz dt.

> We use the Mean Integrated Squared Error:

E (/oo 5(2,) — s(z, )2 p(z, 1) dm)

— o0

> Optimal score matching? Optimal sampling?



Function class for Diffusion Models

> Define the Holder class of probability density function
Foi={f:[-1,1]" = [0,00) : f € Ha, ca <[f(x) < Cq}

. . . . . . . —_*
> The density estimation in Holder class &, has minimax TV error rate n~2«+4, and
a+1

Wasserstein-1 error rate max {n"2e+4, n~/?} (up to a log n factor for d = 2).
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A (Kernel Density) Plug-in Estimator

. P(z,t)
> Score function ((E t) FCE)
> Density estimation p(z,t) = 1 *f (z)

> Derivative of density estimation

D, t) = e (z+1) f (= 1) —pe(z=1) f ()+ [ r(a—p)

> Note that Y(x,t) = %p(x,t)=(sor*f)’(X)

f

(1) dp
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Risk Upper Bound

Theorem (Upper Bound: Low Noise)

__2 . . .
Ifa >0 andt < n 241, score estimator s achieves the error

2(a—1)

sup E (/ 5(x,7) — s(x,0)|* p(x, 1) dx) <n” 2adr vl
f€Fa R
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An Unbiased Estimator

> Score function

o t) L - Tele — p)f(e) dp
p(z,t) I el — ) F(p) dps

s(z,t) =

> Unbiased estimation for both yw(x, ¢) and p(x, 1),

t

R 1 & & — . 1 &
'Q[)({B,t) - _; E : QGt(CC - ,u'j)’ p(il?,t) - ; E ,(;ct(a3 — Hj
3 )

> Notethat V(z,t) = (¢} * f)(x)
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Risk Upper Bound

Theorem (Upper Bound: High Noise)
Ift < 1, the score estimator s achieves the error

1

fEFa

N . 2 <
sup B ([ i)~ ste 0 pla)ax) S
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Another Unbiased Estimator

> Score function

s(z,t)

_ P(z,t) _ f_ll — f";u ei(x — p)f(p) dp
P, ) 2 (@ — p) f(u) du

where

1 Tr— U 1

b(z,t) = (¢, % ) (z) = /_ T e = ) d = —p(@ )+ 5 /_ prl = ) ()

> Unbiased estimation

~ X ] —
Y1) = ——-plxt) + — > i — )
=1

> Note that P (x,t) = (¢} * f)(x)
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Risk Upper Bound

Theorem (Upper Bound: Very High Noise)
Ift > 1, the score estimator s achieves the error

sup]E(/|sxt ) — s(x,0)|* p(x, 1) )
EFa

1

~ o2
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Goal: Rate-Optimal Score Matching

Theorem (Main Result)

Let oo > 0. The minimax estimation error for score matching at
time step t is:

inf sup E (/ 5(x, ) — s(x,0)|* p(x,1) dx)
e fE-Fa — 0
< LA A (n T )
T AT AN T

for allt > 0.

The transition points are: t = 1 and t = n™ e,

17
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Lower Bound

> For 1llustration, we shift focus to proving a lower bound for the target

opx,0) = (o + 1) (2)

with respect to L2-norm.

> Introduce free parameter p > 0, for unknown b, € {0,1}, set unknown density:

1 e 1 — X;
= 5 <1y € Zbiw< p )

i=1

fo(1)

such that p > e (to satisfy Holder) and m < —
p

. . 1
> (lassical construction: p = € = n~ 2a+1

19



Lower Bound

> A key inequality:

g2 Ct
I ((Ffs = fir) * @) ||* > r - dygam (b, b)) - p - (1 — ?)

> If a function i € C*(R) is compactly supported, we have

7% pel|* > [|]|* — 2B,



Rate-Optimal Score Matching

After combining up everything, we have the minimax rate for score matching at any ¢ > 0.

Theorem (Main Result)

Let oo > 0. The minimax estimation error for score matching at
time step t Is:

oo
inf sup E (/ 5(x, 1) — s(x, 0)|* p(x, 1) dx)
§ fE-Fa — OO
SLIy. /\(‘%H“—l)
S22 M\

for all t > 0.

o, . 2
The transition points are: t = 1 and t = n™ 2e+T,



Some Comments

> Early stopping 1s not required.

> At different t, we have different estimation accuracy. Sharp
minimax rates without extraneous logarithmic terms.

> Consider all smoothness o
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Rate-Optimal Estimation under TV

Finally, we apply Girsanov’s theorem and take integral of the score matching minimax
rate:

. n ﬁ 2(a—1) TANA1 1 TvV1 1 e
E(dTv(f, f)2) 5/ (n‘—2a+1 +ta—1) dt—l—/ e dt—l—/ —5dt =7

0 “Zaf1 N Al T

Theorem (Main Result)

Let a > 0. The minimax estimation error for score matching at
time step t is:

inf sup E ( / h 5(x, 1) — s(x, 0)|* p(x, 1) dx)

stFa — OO

= — n 2
nt2  n3/?

for allt > 0. o



Rate-Optimal Estimation Under Wasserstein Distance

Visualizing the Wasserstein Distance

amount moved

Wasserstein distance = minimum total cost
of transporting mass to match distributions

> Ford = 1, if X, has a CDF F and X, has a CDF G, the optimal transport is G UF (Xy))

25



Rate-Optimal Estimation Under Wasserstein Distance

Using dyadic grid #; = 2'/nfori = 0,...,N = |log,(n) |, we decompose:

N
E(W: (X0, Xo)) = E(W:1(Y7, Y1) < > E(Wi(Yf, Y1)
i=0
“Transport mass”: \/ S [ E(Is(x, 1) = $(x,1)[2) p(x, 1) dxdt

E(W1 (Y, YE") S Vi \/ [ [Els@t) - 5@ 0wl dz

Upper bound 1/ \/Z
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Extension to Multivariate Case

To generalize our result to the multivariate case with dimension d > 1, we define the class:

Ho(L) = {f :[—1,1]% = [0,00) : / f(x)dx =1, f is continuous,

[_191]d

f admits all |« partial derivatives on (—1,1)%,

and sn[lc%}L(J 0sf(z) — ds f(y)| < L||z — y||*~ L% for all z,y € (-1, 1)d}.
E «

Fo={f:[-1,1]" = [0,00) : f € Hao, ca <f(x) < Cy}

The proof techniques are the same as the d = 1 case, with only trivial differences.
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Extension to Multivariate Case

Theorem (Extension to d-dimensional Case)

Let o > 0. The minimax estimation error for score matching at
time step t Is:

inf sup E (/OO 5(x, 1) — s(x,2)|° p(x, 1) dx)

§f€fa — 00

2(ax—1)

~ 1 A [n~ 2aFa +ta—l
T prd/2+1

forall0 <t < 1.
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Rate-Optimal Estimation Under Total Variation
Distance

Theorem

For o > 0, there exists a constant C = C(«, L,d) depending
only on a, L, and d such that:

o

sup K (dTV(Xo,)?O)) < Cn 2atd,
fEFa

where X, is given by Algorithm 1.



Rate-Optimal Estimation Under Wasserstein Distance

Theorem

For a > 1, there exists a constant C = C(«, L,d) depending
only on o, L and d such that

Cn—> ifd = 1,
sup E (W1 (X0, %)) <{ Cntlog(n) ifd=2,
fE€EFa _ o+l

Cn 2o+d ifd > 3,

where X, is given by Algorithm 1.

This result matches the upper bound in (Niles-Weed 2022) and achieves the
minimax rate for Wasserstein distance (up to a logarithmic factor when d = 2).

30
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Estimation of Optimal Transport

Qiang Liu Leda Wang Zhehao Xu
UT Austin Yale Yale



Rectified Flow (Liu, 2022)

> Find a transport 7T from X, to X, (4, Z;) = Rectity(X,, X,), by a
flow dZ, = v,(Z,)dt, where

> Reduce the transport cost: E[||Z; — ZO||2] < E[||X; — XO||2].

> [t can be shown that applying rectified flow iteratively to obtain
the optimal transport 7*: (Z,, Z,) = Rectity(X,, X,).




Rectified Flow and Score Matching

=1
o If ¥, ~ N(O,D), it can be show that v (y) = > + —— Viog(p(y))

[
where p, is the PDF of ¥, = tY| + (1 — 7)Y,

> Apply rectified flow with a source distribution Gaussian to
estimate £ (X)) to £ (X;). Denote the estimators by £( X ) and

Z( 3(\1) respectively.

VA ANGEEVAC AN

Gaussian Gaussian
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Optimal Estimation of Optimal Transport
> Apply rectified flow iteratively to obtain the optimal transport T* from & ( 5(\0) to
L(X).

= E,x [IT*X) = TF O] S max{WiXy, X o), WX, X )}(Manole et al., 2024).
Obtain rate-optimal estimation under the Holder class assumption of this talk.

Score matching dX, = v (X)dt [terate rect-flows

T e w @




Summary

* Rate-Optimal Score Matching
 Distribution Estimation under Total-variation and Wasserstein Distances

e Optimal Transport Estimation



